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1 Introduction 


A type of the logical algebra, a UP-algebra was introduced by Iampan [§], and it is known that 
the class of KU-algebras is a proper subclass of the class of UP-algebras. It has been studied 
and examined by many researchers, for example, Romano [15), (16, [8] studied UP-ideals, proper 
UP-filters, and some their decompositions in UP-algebras. Senapati et al. [20, 21] studies applied 
cubic set and interval-valued intuitionistic fuzzy structure in UP-algebras. Ansari et al. [1], 2] 
introduced the concept of graphs associated with commutative UP-algebras and the concept of 
roughness in UP-algebras. Gomisong and Isla [fj established some structural properties of f- 
UP-semigroups. Satirad and Iampan [19] introduced the concept of topological UP-algebras and 
several types of subsets of topological UP-algebras. Hyperstructures have many applications to 
several sectors of both pure and applied sciences. The concept of hyperstructures (called also 
multialgebras) was introduced by Marty [12] in 1934. Now, the theory of algebraic hyperstructures 
had become a well-established branch in algebraic theory, and had been widely applied in many 
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branches of mathematics and applied sciences [5, 6, 26), (2, 28]. In 2000, Jun et al. [1] introduced 
the concepts of hyper BCK-algebras, hyper BCK-ideals and weak hyper BCK-ideals, and studied 
the relationship between hyper BCK-ideals and weak hyper BCK-ideals. Borzooei et al. [J 
introduced hyper K-algebras. In 2001, 2006, Zahedi et al. (23, 25] introduced and studied (weak) 
hyper K-ideals, commutative hyper K-ideals and defined simple hyper K-algebras of order 3 and 
quasi-commutative hyper K-algebras. In 2006, Jun et al. [10] studied hyper BCC-algebras, and 
introduced the concept of hyper BCC-ideals and also analyzed the relationship between hyper 
BCC-ideals and hyper BCK-ideals. Borzooei et al. [B] introduced the concepts of hyper BCC- 
algebras and hyper BCC-ideals, and studied their relationship, and then they pointed out the open 
problem about the relationship between hyper BCC-ideals of type 2 and weak hyper BCK-ideals. 
Xin [24] introduced the concept of a hyper BCI-algebra which is a generalization of a BCI-algebra, 
and investigated some related properties. Moreover, he introduced a hyper BCI-ideal, weak hyper 
BClI-ideal, strong hyper BCI-ideal and reflexive hyper BCI-ideal in hyper BCI-algebras, and gave 
some relations among these hyper BCI-ideals. In 2014, Radfar et al. [14] introduced the concept of 
hyper BE-algebras and defined some types of hyper-filters in hyper BE-algebras. In 2017, Mostafa 
et al. [13] introduced the concept of hyper KU-algebras and some types of hyper KU-algebras 
are studied. Also, a homomorphism of hyper KU-algebras is obtained. In 2019, Romano [I7] 
introduced the concept of hyper UP-algebras and UP-hyperideals. 

The goal of this paper is to generalize the concept of UP-algebras by considering the concept of 
binary hyperoperations, define UP-hypersubalgebras, UP-hyperideals of types 1 and 2, and s-UP- 
hyperideals of types 1 and 2 in this structure and describe the relationship between them. We try 
to show that these concepts are independent by some examples. Furthermore, the closed condition 
and the R-condition of a nonempty subset are discussed. 


2 Preliminaries 


Before we begin our study, we will give the definition and useful properties of UP-algebras. 


Definition 2.1. [8] An algebra A = (A,-,0) of type (2,0) is called a UP-algebra, where A is a 
nonempty set, - is a binary operation on A, and 0 is a fixed element of A (i.e., a nullary operation) 
if it satisfies the following axioms: 


(UP-1) (¥2,y,2 € A)((y-2)-((e-¥)-(e-2)) =0), 
(UP-2) (Vz € A)(0-%=2), 
(UP-3) (Vz € A)(x-0=0), and 
(UP-4) (Vz,ye A(z -y=0,y-c=0>2=y). 
In a UP-algebra A = (A,-,0), the following assertions are valid (see [8, 9]). 


(Va € A)(x- x2 =0), 

(Vz,y,2€ A\(z-y=0,y-2z=0>2-z=0), 
(Va,y,2 € A)(w-y=0= (z-2)-(z-y) =0), 
(Va,y,2 € A)(w-y=0= (y-z)-(w-z) =0), 
(Va,y € A)(a- (yx) = 0), 


a ee ee ee ee 
a oF WwW NY FH 
Ye #wee we we we a 
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(Va,yEA)((y-2)-xr=08Sar=y-2), (2:7) 
(Va,y € A)(x-(y-y) = 0), (2.8) 
(Va, x,y,z € A)((x-(y-z))-(@- ((a-y)- (a-z))) =0), (2.9) 
(Va,x,y,z € A)((((a-a)-(a-y))- 2): ((a-y) +z) =9), (2.10) 
(Va,y,z € A)(((x-y)-2)-(y- 2) =0), (2.11) 
(Va,y,z2€ A)\(x-y=0>2-(z-y) =0), (2.12) 
(Va,y,2z € A)(((xa-y)-z)-(a-(y-z)) =0), and (2.13) 
(Va,x,y,z € A)(((x-y)-z)-(y- (a-z)) =0). (2.14) 
From [8], the binary relation < on a UP-algebra A = (A,-,0) is defined as follows: 
(Vz,yEA)\(a<yeu-y=0). (2.15) 


In UP-algebras, 2 types of special subsets are defined as follows. 
Definition 2.2. [8] A nonempty subset S of a UP-algebra A = (A,-,0) is called 
(1) a UP-subalgebra of A if (Vz,y € S)\(a-y € S). 
(2) a UP-ideal of A if 
(i) the constant 0 of A is in S, and 
(ii) (Vz,y,z€ A)(a-(y-z) ES yEeS>u-zeS). 


Iampan [8] proved that the concept of UP-subalgebras is a generalization of UP-ideals. 


3  UP-Hyperalgebras and UP-Hypersubalgebras 


In this section, we introduce the concepts of UP-hyperalgebras and their UP-hypersubalgebras, 
and investigate some properties. 


Definition 3.1. [5] Let H be a nonempty set and P*(H) be the family of all nonempty subsets of 
H. Functions o;,,: H x H > P*(H), where i € {1,2,...,n} and n a positive number are called 
binary hyperoperations on H. For all x,y € H,0;,,(x,y) is called the hyperproduct of x and y. 
An algebraic system (H,01,,,024;+++;°nq) 8 called an n-algebraic hyperstructure and structure 
(H,of) endowed with only one binary hyperoperation is called a hypergroupoid. For any two 
nonempty subsets A and B of hypergroupoid H and x € H, we define their hyperproduct by 


Aoy B= U aoy b, Aon x = Aoy {x} andxog B= {x} of B. 
ac€A,beEB 


Definition 3.2. A hyperstructure H = (H,o,0) is called a UP-hyperalgebra, where H is a nonempty 
set, o is a binary hyperoperation on H, and 0 is a fixed element of H (i.e., a nullary operation) if 
it satisfies the following axioms: 


(UPh-1) (Vz,y,z € H)(yoz « (xoy)o(x0z)), 
(UPh-2) (Vz € H)(x € Oo), 
(UPh-3) (Vz € H)(x < 0), and 
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(UPh-4) (Vz,yE H)\(x@<yy¥<Kx«r>r=y), 


where x < y is defined byO € roy for all x,y € H and for every A,B C H,A< B is defined by 
for each a € A, there exists b € B such thata <b. We shall use A< x and x < A instead of 
A < {x}, or {a} < A, respectively. 


Example 3.3. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley tables: 

o| 0 1 2 

Q/4{0,2} {1} {1,2} 

1} {0,1} {1,2} {0,1} 

2| {0,2} {2} {0,1,2} 
Then (H,0,0) is a UP-hyperalgebra. 


Theorem 3.4. Let X be a nonempty totally ordered set containing the minimum element 0. Define 
a binary hyperoperation ox on X by 


_ Jiu} ife>y, 
ae. (« oe { {y} otherwise ) 


Then (X,0x,0) is a UP-hyperalgebra. 


Proof. UPh-2: For all x € X,0 0x x is {0,x} or {x} and sox € Nox a. 

UPh-3: For all x € X,x0x 0= {0} andsozr <0. 

UPh-1: Let z,y,z € X. If 0 € (xox y) ox (xox 2), then it follows from that yoxz< 
(cox y) ox (vox z). If0 Z (xox y) ox (4 ox z), then 0 ¢ rox z. Thus rox z = {z} where z £0, 
so (40x y) Ox (xox z) = {z}. By the definition of 0x, we have y€ roy y and z € rox z. Thus 
yox zC (xox y) Ox (xox z) = {z}, so yox z = {z}. Since zox z = {0, z}, we have z < z and so 
yox 2K (Lox y) ox (Lox 2). 

UPh-4: Let x,y € X be such that x 4 y. Then we may assume that x < y. Then roxy = {y}. 
Since 0 is the minimum element of X, we have y 4 0. Thus 0 ¢ xox y, that is, x & y. 

Therefore, (X,0x,0) is a UP-hyperalgebra. 


Example 3.5. By Theorem |3.4, we have (No, on,,0) is a UP-hyperalgebra. 
Theorems B.6, B38, and B10 can be prove in the similar way as Theorem B.4. 


Theorem 3.6. Let X be a nonempty totally ordered set containing the minimum element 0. Define 
a binary hyperoperation ox on X by 


_{[ xX tfar2ry, 
ee) (« an { {y} otherwise ) , 


Then (X,°x,0) is a UP-hyperalgebra. 


Example 3.7. By Theorem ZH, we have (R>0, Rs»; 9) as a@ UP-hyperalgebra, where R>o is the 
set of all nonnegative real numbers. 


Theorem 3.8. Let X be a nonempty totally ordered set containing the maximum element 1. Define 
a binary hyperoperation o* on X by 


_fily} fasy, 
a eae (: y= { {yu} otherwise ) 


Then (X,o*,1) is a UP-hyperalgebra. 
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Example 3.9. By Theorem E.4, we have (Z<o, 04<°, 0) is a UP-hyperalgebra, where Z<o is the 
set of all negative integers with zero. 


Theorem 3.10. Let X be a nonempty totally ordered set containing the maximum element 1. 
Define a binary hyperoperation o* on X by 


X ifu<y 
Xe ) 
oe («0 a { {y} otherwise ) ; 


Then (X,o*,1) is a UP-hyperalgebra. 


Example 3.11. By Theorem 10, we have (Reo, oR<0, 0) is a UP-hyperalgebra, where R<o is the 
set of all negative real numbers with zero. 


Using the axioms of a UP-algebra, we have the following theorem. 
Theorem 3.12. Let H = (H,-,0) be a UP-algebra. Define a binary hyperoperation o on H by 
(Va,y € H) (oy = {x-y}). 
Then (H,0,0) is a UP-hyperalgebra. 
By Theorem B.T2, we have the following corollary. 


Corollary 3.13. Every UP-algebra induces a UP-hyperalgebra. 
From now on, unless another thing is stated, we take H = (H,o,0) as a UP-hyperalgebra. 


Proposition 3.14. In a UP-hyperalgebra H, the following properties hold: for all x,y,z € H and 
for all nonempty subsets A,B,C, and D of H, 


(1) 0<0, 

(2) y< (x00) 0 (oy), 
(3) 0& (xoy)o(xo)), 
(4)a<ycAysyKq, 
(i) c<y> gor << euy, 
(6) 00t%<K<AS2r <A, 
(7) ACO00A, 

(8) A<0, 

(9) 0K AS0EA, 

(10) 0EBS>AKB, 

(11) AC B,CCDSAcCCBoD, 
(12) 0€ AS BCAOB, 
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(183) ACBKCSAKC, and 
(14) (WaE A,VbE B\(AoBKC>a0b«KC). 
Proof. (1) It is straightforward by B2. 

(2) By BZ, we have Noy < (x00)o(xoy). By BY, we have y € Ooy. Thus y < (4100) o (roy). 
(3 
(4 
(5) Assume that « < y. By BX, we have 0 € roy < (zo x)o(zoy). Then 0 < a for some 
a€(zox)o(zoy). By BJ and BY, we have a=0. Thus zor < zoy. 


By B-2, we have yoO < (woy)o(x00). By BQ, we have 0 € yo0. Thus 0 < (xoy)o (x00). 


) 
) 
) It is straightforward by B22. 
) 


(6) It is straightforward by and the definition of <. 
(7) By B22, we havea € 00aC U 0oa=00A for alla ec A. Thus A COOA. 


acA 
(8) By BQ, we have A < 0. 


(9) Assume that 0 < A. Then 0 < a for some a € A. By and B-2, we have a = 0 and so 
OE A. 


(10) Assume that 0 € B. Then, by B2, we have A < B. 
(11) Assume that A C Band CC D. Then AoC = U aoc’ U bod=BoD. 


a€ ACB beB 
cECCD deD 


(12) It follows from [(7)] and (Ii), 
(13) It is straightforward by the definition of <. 
(14) It follows from [(13}. 


Definition 3.15. A subset S of H is called a UP-hypersubalgebra of H if the constant 0 of H is 
in S, and (S,0,0) itself forms a UP-hyperalgebra. Clearly, H is a UP-hypersubalgebra of H. 


The following example shows that the singleton {0} is not a UP-hypersubalgebra of a UP- 
hyperalgebra in general. 


Example 3.16. From Example 4, we have (H,o,0) is a UP-hyperalgebra. Since 000 = 
{0,2} ¢ P*({O}), we have o is not a binary hyperoperation on {0}. Hence, ({0},0,0) is not a 
UP-hypersubalgebra of H. 


Example 3.17. From Example [57, we have (R>0,°R,,;0) is a UP-hyperalgebra. Since lor, 1 = 
R>o ¢ P*(INo), we have oR, is not a binary hyperoperation on No. Hence, (INo,oR,,,0) is not a 
UP-hypersubalgebra of Rso. But by Theorem 2G, we have (INo, ony, 0) is a UP-hyperalgebra. 


Proposition 3.18. Let S be a nonempty subset of H. Ifx<yandxoyCS for some x,y € S, 
thenOe S. 


Proof. Assume that x < y and xoy C S for some z,y € S. ThenO0€ xroyCsS. 


Theorem 3.19. Let S be a nonempty subset of H. Then the following statements hold: 


(1) if S is a UP-hypersubalgebra of H, then SoS =S, 
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(2) if S is a UP-hypersubalgebra of H, then SoS is also a UP-hypersubalgebra of H, 
(3) if SoS CS and0€ES, then S is a UP-hypersubalgebra of H, and 
(4) if SoSCS anda <y for some x,y € S, then S is a UP-hypersubalgebra of H. 
Proof. (1) It is straightforward by the binary hyperoperation on S and B22. 
(2) It follows from [(1)}. 
(3) Obviously from the definition of UP-hyperalgebras. 


(4) Assume that SoS C S anda < y for some z,y € S. By Proposition B18, we have 0 € S. 
It follows from [(3) that S is a UP-hypersubalgebra of H. 


Theorem 3.20. Let % be a nonempty family of UP-hypersubalgebras of H. Then (\geyS is a 
UP-hypersubalgebra of H. 


Proof. Clearly, 0 € S for all S¢ Y%. Then 0 €f)ocy S. Let ty € (\oey S. Then x,y € S for all 
S € SF. Since S is a UP-hypersubalgebra of H, it follows from Theorem BIG |) that roy C S for 
all S € .Y and so roy C(\geyS. By Theorem B1U[3), we have (\o-7 S is a UP-hypersubalgebra 
of H. 


Remark 3.21. The union of two UP-hypersubalgebras of a UP-hyperalgebra need not be a UP- 
hypersubalgebra. We show the remark with Example (2. 


Example 3.22. Let H = {0,1,2,3} be a set with a binary hyperoperation o defined by the following 
Cayley table: 
fo) 0 1 2 3 


0} {0} {1} {2} {2, 3} 

1| {0,1} {0,1} {2,07 lat 

2) 40,2} J0,1,8} 40,2) {1,23} 

S405 Jig) tO 2.3) 

Then (H,0,0) is a UP-hyperalgebra and {0,1} and {0,2} are UP-hypersubalgebras of H. Since 
1,2 € {0,1,2} = {0,1} U {0,2} but 201 = {0,1,3} ¢ P*({0,1,2}), we have o is not a binary 
hyperoperation on {0,1,2}. Hence, ({0,1,2},0,0) is not a UP-hypersubalgebra of H. 


Remark 3.23. Every UP-subalgebra of a UP-algebra H is a UP-hypersubalgebra of the UP- 
hyperalgebra H, which is defined in Theorem 12. 


Proof. Let S be a UP-subalgebra of a UP-algebra H = (H,-,0). Then 0 € S. Let x,y € S. Since 
S is a UP-subalgebra of H, we have x-y € S. Thus roy = {x-y} C S,so SoS CS. By Theorem 
B19 [(3), we have S is a UP-hypersubalgebra of the UP-hyperalgebra (H, 0,0) in Theorem B12. 


Remark 3.24. The hyperproduct of two UP-hypersubalgebras of a UP-hyperalgebra need not be a 
UP-hypersubalgebra. We show the remark with Example (£24. 
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Example 3.25. Let H = {0,1,2,3,4,5,6} be a UP-algebra with a fixed element 0 and a binary 
operation - defined by the following Cayley table: 


012 3 4 5 6 
0/0 12 3 4 5 6 
1/0 0 2 3 2 3 6 
2/0 103 1 £5 3 
3/0 12 04 1 2 
4/0 0 0 3 0 3 3 
5/0 0 2 0 2 0 2 
6/0 1 00 1 1 +0 


Then {0,2} and {0,4} are UP-subalgebras of H. By Remark 24, we have {0,2} and {0,4} are 
UP-hypersubalgebras of the UP-hyperalgebra H, which is defined in Theorem (X12. Since 1,4 € 
{0,1,4} = {0,2} 0 {0,4} but 1o4 = {2} ¢ P*({0,1,4}), we have o is not a binary hyperoperation 
on {0,1,4}. Hence, ({0,1,4},0,0) is not a UP-hypersubalgebra of H. 


For the study of hyper BCC-algebras, hyper BCl-algebras, and hyper BCK-algebras, some 
subsets have been defined. The results of the study can be summarized as follows. 

In a hyper BCC-algebra (H,0,0) [BJ], the set S(H) := {x € H | xox = {0}} is a hyper 
BCC-algebra. 

In a hyper BCI-algebra (H,0,0) [24], the set S(H) := {x € H | 00x = {0}} is a hyper BCI- 
algebra if S(H) is nonempty, the set Sx := {x € H | xo (x00) = {0}} is a hyper BCI-algebra and 
also a hyper BCK-algebra if Sx is nonempty, and the set S; := {x € H| xox = {0}} is a hyper 
BCl-algebra if S; is nonempty. 


For a UP-hyperalgebra (H,0,0), we define the subsets as follows in the previous study: 


SyH={x#eH |x <z}, 

pe =i1v eH | gon = {0h}, 
Sir ={eve A | Vor = {z}}, 
Srz ={xe€ H|xo0 = {0}}, 

Sx ={x€ H|xo(xr00) = {0}. 


The following example shows that there is an Sy for some UP-hyperalgebras which is neither 
an empty subset nor a UP-hypersubalgebra. 


Example 3.26. From Example 4, we have (H,0,0) is a UP-hyperalgebra. We see that Sy = 
{0,2}. Since 202 = {0,1,2} ¢ P*({0,2}) = P* (Sz), we have o is not a binary hyperoperation on 
Sy. Hence, (Sq,0,0) is not a UP-hypersubalgebra of H. 


The following example shows that there is an Sz for some UP-hyperalgebras which is neither 
an empty subset nor a UP-hypersubalgebra. 


Example 3.27. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 

fo) | 0 1 2 

0} {0,1} {1} {1,2} 

1) {0,1} {0} {0,1} 

2} {0,1} {2} {0} 
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Then (H,0,0) is a UP-hyperalgebra. We see that Sz = {1,2} but 0 ¢ Sz. Hence, (S'z,0,0) is not 
a UP-hypersubalgebra of H. 


The following example shows that there is an S;; for some UP-hyperalgebras which is neither 
an empty subset nor a UP-hypersubalgebra. 


Example 3.28. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 

o| 0 1 2 

07; {0,1} {1p = {1,2} 

1} {0,1} {0,1,2} {2} 

2/ {0,1} {0,2} {1,2} 
Then (H,0,0) is a UP-hyperalgebra. We see that Sp; = {1} but 0 ¢ Sz. Hence, (Szz,°,0) is not 
a UP-hypersubalgebra of H. 


The following example shows that there is an Srz for some UP-hyperalgebras which is neither 
an empty subset nor a UP-hypersubalgebra. 


Example 3.29. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 

fo) | 0 1 2 

O1404; Alb 4h,2} 

1) {O} {1,2} {0,1} 

2| {0} {2} {0,1,2} 
Then (H,0,0) is a UP-hyperalgebra. We see that Srz = {1,2} but 0 ¢ Srz. Hence, (Srz,o,0) is 
not a UP-hypersubalgebra of H. 


The following example shows that there is an Sx for some UP-hyperalgebras which is neither 
an empty subset nor a UP-hypersubalgebra. 


Example 3.30. From Example 29, we see that Sx = {1,2} but 0 € Sx. Hence, (Sx,0,0) is 
not a UP-hypersubalgebra of H. 


4 UP-Hyperideals and s-UP-Hyperideals 


In this section, we introduce the concepts of UP-hyperideals of types 1 and 2 and s-UP-hyperideals 
of types 1 and 2 in UP-hyperalgebras, and give some relations among these concepts. 


Definition 4.1. A subset I of H is called 
(1) a UP-hyperideal of type 1 of H if 


(i) the constant 0 of H is in I, and 
(ii) (Vz,y,z€ H)\(xo(yoz)Cl,yelsaurozCl). 


(2) a UP-hyperideal of type 2 of H if 


(i) the constant 0 of H is in I, and 
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(ii) (Vz,y,z € H)(xo(yoz) CI,yel= (roz)nI FQ). 
(3) a strong UP-hyperideal of type 1 of H (we shortly call an s-UP-hyperideal of type 1) if 
(i) the constant 0 of H is in I, and 
(ii) (Vz,y,z € H)\((xo(yoz))NIABDyEeTSarozCl). 
(4) a strong UP-hyperideal of type 2 of H (we shortly call an s-UP-hyperideal of type 2) if 
(i) the constant 0 of H is in I, and 
(ii) (Vz,y,z € H)((xo(yoz)) NIF0,yeT=> (roz)nI FO). 
The following theorem follows directly from Definition H-I. 
Theorem 4.2. (1) Every s-UP-hyperideal of type 1 of H is a UP-hyperideal of type 1. 
(2) Every s-UP-hyperideal of type 1 of H is an s-UP-hyperideal of type 2. 
(3) Every UP-hyperideal of type 1 of H is a UP-hyperideal of type 2. 
(4) Every s-UP-hyperideal of type 2 of H is a UP-hyperideal of type 2. 
The following example shows that the converse of Theorem is not true in general. 


Example 4.3. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 


° | 0 1 2 

O} {0} {1} {2} 

1) {0,2} {0} {0} 

2| {0,2} {1,2} {0,2} 
Then (H,0,0) is a UP-hyperalgebra and I := {0,2} is a UP-hyperideal of type 1 of H. Since 
(20 (001))NI = {1,2} NM {0,2} #0 andO0 € I, but 201 = {1,2} Z {0,2} =I, we have I is not 
an s-UP-hyperideal of type 1 of H. 


The following example shows that the converse of Theorem is not true in general. 


Example 4.4. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 

of 0 1 2 

O/ {0,1} {1} = {2} 

1] {0,1} {0,2} {1,2} 

2] {0,1} {0,1} {0,1,2} 
Then (H,0,0) is a UP-hyperalgebra and I := {0} is an s-UP-hyperideal of type 2 of H. Since 
(20 (001)) NI = {0,1} N {0} FO and0 € I, but 201 = {0,1} Z {0} =I, we have I is not an 
s-UP-hyperideal of type 1 of H. 


The following example shows that the converse of Theorem is not true in general. 
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Example 4.5. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 

° | 0 1 2 

G1) 40;4) 44) 41,2} 

1} {0,1} {1,2} {0,1} 

2| {0,1} {2} {0,1,2} 
Then (H,0,0) is a UP-hyperalgebra and I := {0,1} is a UP-hyperideal of type 2 of H. Since 
Oo (lo2) = {0,1} € {0,1} =F and 1 et, but 002 = {1,2} ¢ {0,1} = I, we have I is not a 
UP-hyperideal of type 1 of H. 


The following example shows that the converse of Theorem is not true in general. 
Example 4.6. From Example [£.3, it follows from Theorem [J that I = {0,2} is a UP- 
hyperideal of type 2 of H. Since (00 (201))NI = {1,2} N {0,2} 40 and2 eT, but (Q01)NI= 
{1}. {0,2} =0, we have I is not an s-UP-hyperideal of type 2 of H. 

By Theorem £2 and Examples 4.3), 4.4), 25), and E.6, we have that the concept of UP-hyperideals 
of type 1 is a generalization of s-UP-hyperideals of type 1, s-UP-hyperideals of type 2 is a gen- 
eralization of s-UP-hyperideals of type 1, hyper UP-ideals of type 2 is a generalization of hyper 
UP-ideals of type 1, and hyper UP-ideals of type 2 is a generalization of s-hyper UP-ideals of type 
2. Then, we get the diagram of generalization of UP-hyperideals in UP-hyperalgebras as shown in 
Figure []. 


hyper UP-ideal of type 2 


— 


s-hyper UP-ideal of type 2 
hyper UP-ideal of type 1 


s-hyper UP-ideal of type 1 


Figure 1: UP-hyperideals and s-UP-hyperideals 


Example 4.7. From Examples Z-j and [Z.G, we have {0,2} is a UP-hyperideal of type 1 of H but 
it is not an s-UP-hyperideal of type 2 of H. 


Example 4.8. Let H = {0,1,2,3} be a set with a binary hyperoperation o defined by the following 
Cayley table: 
) 0 1 2 3 


0} {0} {1,2} {2,3) {1,2,3} 

1| {0,1} {2,3} 40,1} {1,3} 

2) 40,23). 41,2} {0,2} {2} 

3| HH {0,2,3} {0,1,3} {0,23 

Then (H,0,0) is a UP-hyperalgebra, and {0,2,3} is an s-UP-hyperideal of type 2 of H but it 
is not a UP-hyperideal of type 1. Indeed, 00 (203) = {2,3} C {0,2,3} and 2 ©€ {0,2,3} but 
003 ={1,2,3} ¢ {0,2, 3}. 
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By Examples £-7) and E.X, we have that a UP-hyperideal of type 1 and an s-hyper UP-ideal of 
type 2 are not sufficient conditions for each other in general. Then, we get the diagram as shown 
in Figure . 


hyper UP-ideal «————4————— s-hyper UP- ideal 
of type 1 7 of type 2 


Figure 2: UP-hyperideals of type 1 and s-UP-hyperideals of type 2 


Theorem 4.9. {0} is a UP-hyperideal of type 1 of H and also a UP-hyperideal of type 2. 


Proof. Clearly, 0 € {0}. Let z,y,z € H be such that xo (yoz) C {0} and y ©€ {0}. Then 
xo(0oz) C {0}. By BQ we have z € 0oz. Thus r0oz C x0 (00 z) C {0}. Hence, {0} isa 
UP-hyperideal of type 1 of H. 


The following example shows that {0} of a UP-hyperalgebra need not be an s-UP-hyperideal 
of types 1 and 2. 


Example 4.10. Let H = {0,1,2,3} be a set with a binary hyperoperation o defined by the following 
Cayley table: 
fo) 0 1 2 3 


O} {0} {1} {2 {2,3} 

1| {0,1} {0,1} {0,1} {1,2,3} 

2) foo) f25t oo) 419.5% 

S108 FSP AOS) . fo.8} 

Then (H,0,0) is a UP-hyperalgebra. Since (20(003))N{0} = (20{2, 3})N{0} = HN{0} = {0} 40 
and 0 € {0} but (203)M {0} = {1, 2,3} N {0} = 0. Hence, {0} is not an s-UP-hyperideal of type 2 
of H and also not an s-UP-hyperideal of type 1. 


Remark 4.11. From Theorem{Z-J and Example LA, we have a UP-hyperideal of type 1 of H is not 
a UP-hypersubalgebra in general. Also, a UP-hyperideal of type 2 of H is not a UP-hypersubalgebra 
in general. 


Theorem 4.12. If H is a UP-hyperalgebra satisfying the following condition: 
(Va € H)(Oox = {z}), (4.1) 
then {0} is an s-UP-hyperideal of type 2 of H. 


Proof. Assume that H is a UP-hyperalgebra satisfying the condition (2-1). Clearly, 0 € {0}. Let 
x,y,z € H be such that (x0 (yo z)) N {0} 40 and y € {0}. Then0 € ro (00z) =xo{z}=2r0z, 
so (xo z) 1 {0} 40. Hence, {0} is an s-UP-hyperideal of type 2 of H. 


Remark 4.13. If H is a UP-hyperalgebra with its binary hyperoperation maps to a singleton set, 
then {0} is an s-UP-hyperideal of type 1 of H. 
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Proof. Assume that H is a UP-hyperalgebra with its binary hyperoperation maps to a singleton 
set. Clearly, 0 € {0}. Let x,y,z € H be such that (xo (yo z)) MN {0} 4 @ and y € {0}. By 
assumption and EZ, we have {0} = x0 (00z) =xo{z} =aroz, that is, ro z C {0}. Hence, {0} is 
an s-UP-hyperideal of type 1 of H. 


The following example shows that the condition: its binary hyperoperation maps to a singleton 
set that is necessary. 


Example 4.14. Let H = {0,1,2} be a set with a binary hyperoperation o defined by the following 
Cayley table: 


|) 0 1 2 

O;{O} {1} {2} 

1] {0} {0,1,2} {0,2} 

2) {0} {1} {0,2} 
Then (H,0,0) is a UP-hyperalgebra but {0} is not an s-UP-hyperideal of type 1 of H. Indeed, 
(2.0 (00 2))M {0} = {0,2} 1 {0} FO and 0 € {0}, but 202 = {0,2} ¢ {0}. 


Example 4.15. From Example and by Theorem [f-I4, we have H is a UP-hyperalgebra 
satisfying the condition (2.1) and {0} is an s-UP-hyperideal of type 2 of H but not an s-UP- 
hyperideal of type 1. 


Remark 4.16. If H is a UP-hyperalgebra with its binary hyperoperation maps to a singleton set, 
then UP-hyperideals of type 1, UP-hyperideals of type 2, s-UP-hyperideals of type 1, and s-UP- 
hyperideals of type 2 of H coincide. 


Proof. Since xo(yoz) is a singleton set for all x, y, z € H, it is straightforward by the definition. 


Theorem 4.17. Let % be a nonempty family of UP-hyperideals of type 1 of H. Then (\,e4I is 
a UP-hyperideal of type 1 of H. 


Proof. Clearly, 0 € I for all J ¢ .Y. Then 0 €f)jegl. Let x,y,z € H be such that xo (yo z) C 
Oregl andy €yeyI. Then xo(yoz) CI andy € J for all J € Y. Since I is a UP-hyperideal 
of type 1 of H, we have roy CI for all I € Y and so roy C (\jeyl. Hence, (\je7J isa 
UP-hyperideal of type 1 of H. 


Remark 4.18. The intersection of two UP-hyperideals of type 2 of a UP-hyperalgebra need not be 
a UP-hyperideal of type 2. We show the remark with Example |f.Tg. 


Example 4.19. Let H = {0,1,2,3} be a set with a binary hyperoperation o defined by the following 
Cayley table: 


o| 0 i 2 3 

0); {0} {1} {2,3} {2,3} 
1| {01} {0,4} {0,1} {12,3} 
2) {0,2} {2,3} {0,2} {1,2,3} 
3) {0,3} {1,2} {0,1,3} {2,3} 


Then (H,0,0) is a UP-hyperalgebra and {0,1,2} and {0,1,3} are UP-hyperideals of type 2. Then 
{0, 1,2} 710, 1,3} = {0,1}. Since 00 (192) = {0,1} {0,1} end 1 € {0,1} but 002 = {2,3} Z 
{0,1}. Hence, {0,1} is not a UP-hyperideal of type 2 of H. 
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Remark 4.20. The union of two UP-hyperideals of type 1 (resp., UP-hyperideals of type 2) of a 
UP-hyperalgebra need not be a hyper UP-ideal of type 1 (resp., hyper UP-ideal of type 2). We show 
the remark with Example [4.2]. 


Example 4.21. From Example 7.10, we have {0,2} and {0,3} are UP-hyperideals of type 1 of H 
and also UP-hyperideals of type 2. Then {0,2} U {0,3} = {0,2,3}. Since 00 (201) = {2,3} C 
{0,2,3} and 2 € {0,2,3} but (001) {0,2,3} = {1} 1 {0,2,3} = 0, we have {0,2,3} is not a 
UP-hyperideal of type 2 of H and also not a UP-hyperideal of type 1. 


Remark 4.22. The hyperproduct of two UP-hyperideals of type 1 (resp., UP-hyperideals of type 
2) of a UP-hyperalgebra need not be a hyper UP-ideal of type 1 (resp., hyper UP-ideal of type 2). 
We show the remark with Example [Z.29. 


Example 4.23. From Example 2], we have {0,3} is a UP-hyperideal of type 1 of H and also a 
UP-hyperideal of type 2. Then {0,3}0 {0,3} = {0,2,3}. It follows from Example [f.2] that {0, 2,3} 
is not a UP-hyperideal of type 2 of H and also not a UP-hyperideal of type 1. 


Theorem 4.24. Let % be a nonempty family of s-UP-hyperideals of type 1 of H. Then \jeg1 
is an s-UP-hyperideal of type 1 of H. 


Proof. Clearly, 0 € I for all J € %. Then0 €();c 91. Let x,y,z € H be such that (x0 (yo z))N 
rest #0 and y €(\jeg1. Then (xo (yoz)) NI #9 and y € I for all J € Y. Since J is an 
s-UP-hyperideal of type 1 of H, we have roy CI for all J € ¥ and so roy Cf);. 41. Hence, 
Ore. 1 is an s-UP-hyperideal of type 1 of H. 


Remark 4.25. The intersection of two s-UP-hyperideals of type 2 of a UP-hyperalgebra need not 
be an s-UP-hyperideal of type 2. We show the remark with Example 4.26. 


Example 4.26. From Example 7.19, we have {0,1,2} and {0,1,3} are s-UP-hyperideals of type 
2 of H. Then {0,1,2} {0, 1,3} = {0,1}. Since (0 0 (103)) {0,1} = {1,2,3}9 {0,1} £0 and 
1 € {0,1} but (003) N {0,1} = {2,3} 4 {0,1} = 0, we have {0,1} is not an s-UP-hyperideal of type 
2 of A. 


Remark 4.27. The union of two s-UP-hyperideals of type 1 of a UP-hyperalgebra need not be an 
s-UP-hyperideal of type 1. We show the remark with Example [Z-29. 


Example 4.28. Let H = {0,1,2,3} be a set with a binary hyperoperation o defined by the following 
Cayley table: 
o| O 1 2 3 


07 {0} {1} {2} {3} 

1) {O} {0} {2} {2} 

2; {0} {1} {0} {1} 

3} {0} {O} {O} {0} 

Then (H,0°,0) is a UP-hyperalgebra and {0,1} and {0,2} are s-UP-hyperideals of type 1 and also 
s-UP-hyperideals of type 2. Then {0,1} 7 {0,2} = {0,1,2}. Since (00 (10 3)) NM {0,1,2} = 
{2}1 {0,1,2} 4 and 1 € {0,1,2} but (003) NM {0, 1,2} = {3} {0,1,2} =0. Hence, {0,1,2} is 
not an s-UP-hyperideal of type 2 of H and also not an s-UP-hyperideal of type 1. 


Remark 4.29. The hyperproduct of two s-UP-hyperideals of type 2 of a UP-hyperalgebra need not 
be an s-UP-hyperideal of type 2. We show the remark with Example [f.3U. 
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Example 4.30. Let H = {0,1,2,3} be a set with a binary hyperoperation o defined by the following 
Cayley table: 
) 0 1 2 3 


0} {0,1} {1} {2} {3} 

1) {0} {0} {1,2} {2} 

2} {O} {1,3} {O} {1} 

3} {O} {0}  {O} {0} 

Then (H,0,0) is a UP-hyperalgebra and {0} is an s-UP-hyperideal of type 2. Then {0} o {0} = 
{0,1}. Since (00 (10 2)) 7 {0,1} = {1,2} 9 {0,1} #0 and 1 © {0,1} but (002) {0,1} = 
{2} {0,1} =0. Hence, {0,1} is not an s-UP-hyperideal of type 2 of H. 


Open Problem. Is the hyperproduct of two s-UP-hyperideals of type 1 of a UP-hyperalgebra an 
s-hyper UP-ideal of type 1? 


By the definition of o in Theorem and Theorem E-2, we have the following proposition. 


Proposition 4.31. Every UP-ideal of a UP-algebra H is a UP-hyperideal of type 1 (resp. s-UP- 
hyperideal of type 2, UP-hyperideal of type 1, UP-hyperideal of type 2) of the UP-hyperalgebra H, 
which is defined in Theorem (ZZ. 


Example 4.32. Let H = {0,1,2,3} be a set with a binary operation - defined by the following 
Cayley table: 


1 2 3 
0 1 2 3 
1 0 2 2 
2 1 0 2 
1 


om oe) 


3 0 0 


Then (H,-,0) is a UP-algebra and S := {0,2} is a UP-subalgebra of H but it is not a UP-ideal 
of H. Indeed, 0: (2-3) =2€ S and2 € S, but0-3 = 3 ¢ S. By Remark &2Z4, we have 
S is a UP-hypersubalgebra of the UP-hyperalgebra H, which is defined in Theorem X14. Since 
00 (203) =00 {2} = {2} C {0,2} = S and2€ S, but 003 = {3} Z {0,2} = S. Hence, S is not 
a UP-hyperideal of type 2 of H and also is not a UP-hyperideal of type 1. 


Remark 4.33. From Example %.34, we have a UP-hypersubalgebra of H is not a UP-hyperideal 
of type 2 in general. Also, a UP-hypersubalgebra of H is not a UP-hyperideal of type 1 in general. 


By Remarks HL and £233), Theorem (3), and Example LH, we have that a UP-hyperideal 
of type 1 is not a UP-hypersubalgebra, a hyper UP-ideal of type 2 is not a UP-hypersubalgebra, 
a UP-hypersubalgebra is not a hyper UP-ideal of type 2, a UP-hypersubalgebra is not a hyper 
UP-ideal of type 1 in general, but the concept of hyper UP-ideals of type 2 is a generalization of 
hyper UP-ideals of type 1. Then, we get the diagram as shown in Figure B. 


Definition 4.34. A nonempty subset I of H satisfies the closed condition if 
(Vz,yEeH\(e¢#<yyelscel). 


Example 4.35. From Example (£10, we have {1}, {3}, {1,3}, {1,2,3}, and H are all subsets of 
HZ satisfying the closed condition. 
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Ee hyper UP-ideal of type 2 


hyper UP-subalgebra 


— hyper UP-ideal of type 1 


Figure 3: UP-hypersubalgebras and UP-hyperideals of types 1 and 2 


Theorem 4.36. Let @ be a nonempty family of nonempty subsets of H satisfy the closed condition. 
Then Ucey € and oce C satisfy the closed condition if Voce C is nonempty. 


Proof. Let x,y € H be such that « < y and y € Uccgy C. Then y € C for some C € @. Since 
C satisfies the closed condition, we have « € C C Uceg C. Hence, Ucgcy C satisfies the closed 
condition. Assume that (\ocy C is nonempty. Let 2,y ¢ H be such that «<y and y € (\ocg C. 
Then y € C for all C € @. Since C satisfies the closed condition for all C € @, we have x € C for 
all Ce @. Thus & €(\ocy C. Hence, (ocy C satisfies the closed condition. 


Lemma 4.37. If a nonempty subset I of H satisfies the closed condition, then forany AC H,A< 
I implies ACI. 


Proof. Let A C H be such that A < J and let x € A. Then x < y for some y € I. By the closed 
condition of J, we have x € I. Hence, A C I. 


Theorem 4.38. If a nonempty subset I of H containing 0 satisfies the closed condition, then 
I =H. Moreover, H is the only closed UP-hypersubalgebra (resp., closed UP-hyperideal of types 1 
and 2, closed s-UP-hyperideal of types 1 and 2) of H. 


Proof. It is straightforward by Proposition B14 and Lemma 4.37. 


The following proposition follows from Proposition B14 and the definition of a UP- 
hyperideal of types 1 and 2. 


Proposition 4.39. Let A and B be subsets of H. Then the following statements hold: 
(1) if I is a UP-hyperideal of type 1 of H and if Ao(xo B) CI forx € TI, then Ao BCT, and 
(2) if I is a UP-hyperideal of type 2 of H and if Ao(xo B) CI forx el, then(AcoB)NIF<9. 
Definition 4.40. A nonempty subset I of H satisfies the R-condition if0ol = TI. 


Example 4.41. From Example {-10, we have {0}, {1}, {2}, {0, 1}, {0,2}, {1,2}, {0, 1, 2}, {2, 3}, 
and H are all subsets of H satisfying the R-condition. 


Theorem 4.42. If I is a UP-hyperideal of type 1 (and also an s-UP-hyperideal of type 1) of H 
satisfying the R-condition, then 


(Vae€I,Vee H\(aoxClI>zrel). 


Moreover, 
(VaeIVACH)(aoACISACl), 
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Proof. Let a € I and x € H be such that aox C I. By Proposition B14 and the R-condition, 
we have 00 (aoxz) COo0T =I. Since I is a UP-hyperideal of type 1 of H and by BQ, we have 
creE0orCl. 


Theorem 4.43. If I is an s-UP-hyperideal of type 1 of H satisfying the R-condition, then 
(Vael,Vx Ee H)((aoz)NIA0SzweE)l). 


Moreover, 


(VA C A)((Ve € A, da € T((aoz)NI4B)SACTI). 


Proof. Let a € I and x € H be such that (aoxz)MI 40. Then we choose an element b € (aox)NT. 
By Proposition B14 and the R-condition, we have b € 00 (ao xz) andb€ 0oT =I. Thus 
(0o(aox))NI 4M. Since I is an s-UP-hyperideal of type 1 of H and by BY, we have x € Oox C I. 


5 Conclusions and Future Work 


In this paper, we have introduced the concept of UP-hyperalgebras which is a generalization of UP- 
algebras, and investigated some related properties. Moreover, the concepts of UP-hypersubalgebras, 
UP-hyperideals of types 1 and 2, and s-UP-hyperideals of types 1 and 2 in UP-hyperalgebras are 
introduced and some relations among these concepts are presented. 


In our future study of UP-hyperalgebras, may be the following topics should be considered: 
(1) To get more results in UP-hyperalgebras and application. 


(2) To study the fuzzy set theory of UP-hypersubalgebras, UP-hyperideals of types 1 and 2, and 
s-UP-hyperideal of types 1 and 2. 


(3) To define Smarandache structure of UP-hyperalgebras. 


(4) To get more connection between UP-hyperalgebras and Smarandache UP-hyperalgebras. 
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